Consider a real symmetric matrix P € R™", a column vector x € R",
and A; £ 1, <--- <4, areeigenvalues of P.
Prove that

AxTx < xTPx < 2,xTx

Proof:

Based on Theorem 3.6 (see Appendix), P can be written as

P =QvQ"
where Q is an orthogonal matrix and V is a diagonal matrix. The diagonal elements of V are
A
the eigenvalues of P,i.e., V = .
An
Denote Q =[91 *** qn] andthen
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Note that xTq;q/ x is a scalar and nonnegative, so it follows that

n

n n
Z Ai(x" qiq]x) < 2y (Z quiQiTx> = Apx” (Z qqi > x
i=1 i=1

i=1

=

q
= xT [91 = ]| | |x=2,xT(QQN)x

In

Since Q is the orthogonal matrix, QQT = I. Therefore, xTPx < A,xTx. Similarly, we can obtain
that xTPx > A;xTx. This completes the proof.

Appendix:
Theorem 3.6
For every real symmetric matrix M, there exists an orthogonal matrix Q such that
M=QDQ o D=QMQ

where D is a diagonal matrix with the eigenvalues of M, which are all real, on the diagonal.
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